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Fig. 3 Real part of the response at DOF-1 vs time. Excitation with
frequency: ws = 1.0 rad/s.

The eigenproblem of the undamped system yields natural
frequencies w; = 1.0, wy = 1.1, and w; = 3.0 (w; and w;, closely
spaced), and modal matrix

0.707 —0.707 0.000
¥= 10.707 0.707 0.000
0.000  0.000 1.000

Note that DM ~!'K # KM ~'D and, therefore, the system
under study does not possess normal modes, i.e., it is not
diagonalizable. In order to form the fictitious damping ratios,
we applied the formula

3
L
i =l

= 3" i=123

which leads to the classical definition of the damping ratios
for a proportionally damped system, i.e., for d; =0 (i )
and w; = w;. Notice here that the proposed method is capable
of handing problems with frequency-dependent damping ra-
tios as, for example, in several applications of viscoelastic
materials with frequency-dependent damping properties.

In Fig. 1 we present the frequency spectrum of nonpropor-
tionality indices. By inspection one can easily realize where the
modal coupling becomes an important factor, and when the
off-diagonal terms of the transformed damping matrix D are
negligible.

From the coordinate transformation [Eq. (2)] and the form
of the previously given modal matrix ¥, we conclude that only
the first two modes participate in each of the first two degrees
of freedom, and only the third mode in the third degree of
freedom. To be more concise and maintain the physical sense,
we illustrate next only the real part of the response. In Fig. 2
we present the response of the first degree of freedom for
excitation frequency ws; = w; = 1.0 rad/s. As the nonpropor-
tionality indices predict (see Fig. 1), the highest deviations
occur when one ignores the coupling in the dominant second
mode. In fact, it is clear that we can rieglect the coupling in the
first mode throughout the frequency range without introduc-
ing significant errors.

Figure 3 was formed to compare the solution given by our
method, to the exact solution as well as to the one obtained by
neglecting the coupling completely. Note that our proposed
approximate method results in steady-state responses close to
the exact ones, and corrects those responses resulting by sim-
ply neglecting the off-diagonal terms of the transformed
damping matrix D, where the consideration of the modal
coupling becomes important. Deviations from the exact solu-
tion should occur in the transient part of the response, due to
the decoupling procedure we used. The primary advantage of
the proposed method is the computational simplicity (recalling
that the state formulation of the problem requires matrices
and vectors belonging to a 2n-dimensional space).
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Bounded-Input/Bounded-Output
Stability of Linear Multidimensional
Time-Varying Systems

S. Pradeep* and S. K. Shrivastavaf
Indian Institute of Science, Bangalore, India

Introduction

N recent years, the attention of several authors-has been
attracted by the stability of systems governed by the equa-
tion

M()q" (1) + G()q'(2) + K(1)g(1) = B(2)p(2) Q)

where primes denote differentiation with respect to time z, the
independent variable; ¢ is an (n x 1) vector; M, G, K are
(n x n) real matrices (whose elements are functions of ¢ and
differentiable); B is an (n x m) real matrix (whose elements
are functions of 7); v is an (m % 1) vector; and »n is the
dimension of the system (which is often large).

Such systems are encountered in spacecraft dynamics, eco-
nomics, ecology, biosystems, demography, and several engi-
neering disciplines. With the exception of trivial cases, an
explicit solution of Eq. (1) is impossible. The only way to
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comprehend the behavior of the system is to study the proper-
ties of its solution. Of all properties of the solution, stability
is perhaps the most fundamental. Scientific literature abounds
in studies in stability.! However, most of the available stabil-
ity criteria are meant for first-order systems of the form

x'(6) = B(x(1) + u(?) )
To apply the existing criteria, Eq. (1) must be converted to

this first-order form. This may be done in the following way:
Let

x(2) = [q'(5) g1 (32)
and .
U = [B@o(2) 017 (3b)
Then,
-M7'G -M7K
x'(1) =[ 7 ’0 ] X0+ U@ (3¢9

This method of conversion requires the inversion of M and
subsequent multiplication with G/K. These two processes, in
addition to being laborious (owing to the large dimension of
the system), are also computationally and analytically un-
wieldy. These difficulties may be surmounted by treating Eq.
(1) as it is, or by employing alternative transformations that
do not require inversion and multiplication of matrices. One
such transformation would be: with x and U, as defined in Eq

(3),
M 0], [-G —
[0 I]x _[ , 0]x+U (4)

It is seen that although Eq. (4) is still of the first order, it is
a shade different from Eq. (2). Explicitly, it is of the form

A@Wx'(5) = BEx(@) + U() (5)

The authors have been involved in devising new meth-
ods?~? of stability analysis for systems governed by Egs. (1)
and (5). In this Note, L, stability of systems of the form of
Eq. (5) is analyzed, using the methods of functional analysis.

Analysis
Functional analytic methods deal with a pair of implicit
equations: u; = e, + H,e, and u, = e, — H\e,, where u;, u,, e,
e, belong to some extended functional space X,, while H, and
H, map X, into itself. If the input u, is zero, the preceding
equations reduce to ‘

u, =e, + HHe, (6)

As mentioned earlier, most of the available input-output
results deal with first-order systems of the form of Eq. (2).
Our intent is to examine equations of the form of Eq. (1), or,
at least of Eq. (5). By integrating twice with respect to ¢, Eq.
(1) can be converted into an integral equation of the same
form as Eq. (6). However, this equation is difficult to analyze,
owing to the arbitrarily varying operators it contains. To
simplify analysis, the fact that all linear time-invariant opera-
tors that satisfy some slight continuity properties have a
convolutional representation, is often used. Thus, in most of
the work on input-output stability, the arbitrarily varying
system is split into a linear time-invariant system in the
forward path (represented by H,) and a time-varying linear or
nonlinear system in the feedback path (represented by H.).
Adopting the same line of thought leads to a system of the
form

[P+AD"+[2 + B0 +[R+COlg=u(®) (7)
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which is equivalent to the integro-differential equation
t
q0) = j k(t ~ 1) {u — A(x)(d’q/d7?)
0
— B(r)(dg/dt) — C(t)q} dr + o(2) (8

where Pv"+Qv’+Rv=0and k(f) =% ~'{(s’P +sQ + R)~'}.

This integro-differential equation may be converted into an
integral equation in ¢(f) by integrating the dg/ds and the
d?q/dt? terms by parts. Further analysis requires a closed-
form expression for k(7). It is well known that when P, Q, and
R are scalars, such a closed-form expression exists and is in
terms of the product of a decaying exponential and a sine
function. Unfortunately, such a solution does not carry over
to the case in which P, Q, and R are matrices; in this case, it
has not been possible to find a closed-form solution for k(z).
However, on converting Eq. (7) to the first-order form

(I + C(®))x'(H) =[B + D(DOJx(2) + u(p) 9

it is observed that the following closed-form expression exists
for the corresponding convolution operator k(z):

k(f) = & ~Y(sI — B)~"} = e (10)

Therefore, instead of the general form of Eq. (7), the first-
order form of Eq. (9) has been analyzed in the sequel.

A lemma is first proved, and using it, a theorem on L_
stability is proved. The lemma is a modification of Sandberg’s
result® to suit the special system on hand.

Lemma. Let k(¢), Q(#), and C(¢) denote measurable (n x n)
matrix-valued functions of ¢ defined on [0,00). Let k(#) possess
elements k;(7), such that for p = 1,2,

.[ lewky(Dlp dt <0,  ij=12,..n (an
0

for some real constant c;, and let the elements of Q(f) and
C(?) be uniformly bounded on [0,00). Let g and f denote
measurable n-vector valued functions of ¢ defined on [0,00),
such that

ge®" e Lj0,00), ge—>0ast—» o

&) =1+ COIf () - L t k(t —0Q@f () dr, 120 (12)

Suppose that with

K, (iw) & J ” ke~ dy, lc@|<c<1,

0
r& sup A{Q(H} sup A{K, (i)}, c+r<1 (13)
120 weR
then fe L% [0,00), and

17| < 111 =) |g@) || + c.6~] (14)
Proof. On multiplying both sides of Eq. (12) by e,

ev'g(t) = [ + C(OIF(1) — L eIkt —)Q(1)f(z) dr (15)
where f(£) = e“'f(f).

Using a result of Ref. 5, with the definitions as given in the
statement of the lemma and with the relations given by
Eq. (13), feL30,00). Thus, eQ()f(f) € L%0,00) and
S € L3[0,00).

By the Schwarz inequality, there exists a positive constant
¢,, such that '

J ek — e Q@) de <, 120 (16)

0
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Thus, using Eq. (15),

Ol = lcol- o)+ lsd] +ce =
< e/ + |g@ ] + cre
7@ = 1/(1 = Al | + cze =1 (17)

The main result is now presented.

Theorem. Let B denote a constant (n x n) matrix and ¢,
denote a positive real number, such that all the eigenvalues of
(B + ¢,I) have negative real parts. Let C(¢) and D(¢) denote
(n x n) matrix functions of ¢, with measurable and uniformly
bounded elements for ¢ > 0. (The elements of C are assumed
to be differentiable.) Let x be a complex n-vector valued,
differentiable function of ¢ on [0,00), which satisfies Eq. (9),
with e“"u(r) € L5[0,00) for ¢; > 0.

If (f +in), J=1...n are the eigenvalues of B, then let

&1 |¢ — ¢y| is minimum over j = 1,...,n}.

If ||C(t) [<c<1, and

c+1/j¢ —c) sup A[D(1) + C'(1) ~ BC(H] <1 (18)

then there exists ¢,, ¢3, ¢,, all positive, such that
x € L7 [0,00)
and

[x@) ] < /(1 = )lc,e ™" + 3+ ¢4 f [u(e)]| dz] fort =0
0
(19)

Proof. Equation (9) is equivalent to the integral equation
g(n) =1I + C@OIx(®
— J t k(t — ©){D(z) +[dC(x)/d7] — BC(z)}x(r) dT  (20)
0

where

g0 = v(t) + w(t) + k(£)C(0)x(0), Iy’ = Bo,

w(t) & f k(t —Dut) dr, k(=L Y —B) 1} ="
’ 1)
Now, v(f) =e® and e“e® e L30,00) by assumption. Like-
wise, e“w(f) and e“’k(f)C(0)x(0) also belong to L3[0,00).
Hence, e“'g(f) € Lj[0,00).
Applying the lemma to Eq. (20), if |C(®)| <¢ <1, and if

¢+ sup A{Q(D} sup AIK (im)] <1 (22)
then )
xeL"[0,00) and [x()] < 1/(1—o)(||g®)] + c2e =)
(23)
Now,

K (iw) = j ePeCt—iNdr = (B4 e —iwl)™!  (24)

0

The eigenvalues of (B + ¢;I — iwI) ~" are the same as those of
(B + ¢l — iwl) ™!, where B = diag (eigenvalues of B). There-
fore,

A{B+cd —iol) Yy =A{(B +c ] —iwl)~'}  (25)

where A(A) = positive square root of the largest eigenvalue of
A*A. It may be shown that supA[K(zw)] = (1/}¢ — ¢,]). Hence,

e+ (1€ —¢ sup A{D(®) + C' (1) —BC(H} <1 (26)

is sufficient for x € L%, [0,00). Now,

8(0) = v(®) + w(t) + k()C(0)x(0) 27
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and hence,

le® < [ | + [we [ + k@ [ - [CO]|

<k + k(t —Du(zy dz|| + &, (28)
b ;

for positive constants k; and %,
t
<k +k,+ f csllu(®] dr,  for ¢,>0 (29)
0
With the definition ¢; £ k, + k,, Eq. (23) reduces to

Ix@ [ < 1/(1 — e~ + ¢35+ C4J [u(z)] dz1  (30)

Remarks. 1) Although the mathematical analysis may seem
a little abstract, the theorem is quite easy to apply to most
engineering systems. The equations governing even the most
complex systems are well behaved mathematically; the ele-
ments of the matrices C and D are almost invariably measur-
able, uniformly bounded, and differentiable. It is easy to
verify that all the eigenvalues of the constant matrix B have
negative real parts. Verification of Eq. (18) may be simplified
by using inequality

A{4} <nmax| x| (31)

2) It must be borne in mind that the input-output methods
based on functional analysis only provide sufficient conditions
for stability that may not exactly duplicate the actual stability
boundaries. (This can be verified for a specific system such as
the Mathieu equation.) Nevertheless, these results are impor-
tant, for while analyzing a system, it is advantageous to have
as many answers as possible, each yielding some insight and
information.

3) This theorem may be easily generalized to systems gov-
erned by the more general equation [4 + C(H)lx'(?) =
[B + D)(®)jx(t) + u(?).

Systems of the form [4 + eC(H)]x’ =[B + eD(H}x + u(?),
with 4 and B constant matrices, small ¢, and C(¢) and D(?)
(periodic matrices of period T'), are discussed next. Equations
of this kind occur when the parameters of a system governed
by Ax’= Bx are subjected to small periodic variations. The
perturbations may occur because of uncertainties in modeling,
disturbances, or both.

Corollary. Let B denote a constant (n x n) matrix and ¢, a
positive real number, such that all the eigenvalues of (B + ¢,I)
have negative real parts. Let C(f) and D(f) denote (n x n)
periodic matrix valued functions of ¢, with measurable ele-
ments. The elements of C are assumed to be differentiable. Let
x be a complex n-vector valued differentiable function of ¢ on
[0,00), such that

[ + eC(O1x’(£) =[B + eD())x(t) + u(?) (32)

with eVu(t) € L3[0,00) for ¢, >0 and ¢ < 1.
If (¢; +iny), j = 1,...,n are the eigenvalues of B, then let

&£ (& ¢ =cy| is minimum over j =1,...,n}

If [C(n)|| < ¢, and | — ¢ > 0(¢), then x € L”[0,00) and there
exist positive constants ¢,, ¢3, ¢4, such that

[ < 11 — ec)lcre =" + ¢35+ QJ |u(z) || d7] for ¢ =0
(33)
Note that & > 0(e) if € = 0(e”) where n > 1.

Proof. The elements of C(f) and D(¢), being periodic, are
uniformly bounded. The theorem is applicable and Eq. (32) is
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L, stable if |eC(f)|| < ec < 1, which is true, and
ec + 1/|& — ¢y[supA{D(®) + C'() —BCH} <1 (34
=0

which is true if [¢ —¢,| > 0(e).
Remark. This corollary, too, may be generalized to systems
governed by the more general equation

[4 4+ eC(Ox'(8) =B + eD(D)x(£) + u(D) (35)

This section now closes with two proposed extensions to
this work:

1) Determination of a closed-form expression for & !
{(s?4 +sB + C)~'} would prove extremely useful, as it
would enable the second-order system to be analyzed as such.

2) The analysis was done only for systems with the stable
constant parts. Stable systems with unstable constant parts
form a class not yet explored.

Conclusion

The authors have been recently engaged in the study of the
stability of time-varying systems. In continuation with the
earlier work, L, stability is studied in this Note. A lemma
dealing with the L, stability of an integral equation, resulting
from the differential equation of the system under consider-
ation, is first proved. Using it, the main result on L, stability
is derived, according to which the system is L, stable, if the
eigenvalues of the coefficient matrices are related in a simple
way. A corollary of the theorem deals with constant co-
efficient systems perturbed by small periodic terms, a problem
of great importance in its own right. Although the mathemat-
ical analysis may seem a little abstract, and may at first deter
a practicing engineer not trained in the methods of modern
mathematics from using them, the final results are easy to
verify even for complex systems.
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Nutation Damping Using a
Pivotable Momentum Wheel
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Introduction

PIVOTABLE momentum wheel can be used as an effec-
tive active nutation damping device on momentum-bi-
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ased spacecraft. Previously described pivot-based active nuta-
tion control systems provide linear, essentially viscous
damping.'® Although linear damping is effective, it can be
slow, requiring many nutation cycles to damp a large initial
nutation. The current control system provides much faster
damping by driving the pivot with a stepper motor controlled
by simple nonlinear digital logic. Simulations and flight data
show that nutation angles of 1 deg or more can be damped
within two nutation cycles.

System Description

In the following discussion, the spacecraft’s yaw, roll, and
pitch axes are denoted as X, Y, and Z, respectively. The
momentum wheel’s spin axis is nominally aligned with the
pitch axis. The wheel speed is biased to maintain gyroscopic
stiffness and modulated to control pitch. A single-axis pivot
mechanism can rotate the wheel in either direction about the
roll axis.

Figure 1 outlines the Pivot-Actuated Nutation Damper
(PANDA) digital logic. The PANDA pivots the wheel about
the roll axis in response to a roll-rate reference. This rate may
be obtained directly from a gyro or derived indirectly from an
external reference, such as an Earth sensor. In either case, the
rate signal is processed by a bandpass filter that passes
nutation frequency while removing any biases, structural fre-
quencies, and noise. The filtered roll-rate signal is monitored
until it exceeds a predetermined threshold. When the
threshold is crossed, the logic determines the sign at the
crossing and then determines the amplitude of the sinusoidal
rate signal. This amplitude is proportional to the nutation
angle. When the filtered roll rate next crosses zero, the
momentum wheel pivots through an angle proportional to the
roll-rate amplitude. If the zero crossing is from negative to
positive, the wheel pivots about the positive roll axis. If the
crossing is from positive to negative, the wheel pivots about
the negative roll axis. (These signs assume that the spacecraft
is dual-spin stable. If the system is dynamically unstable, the
sign of the pivoting should be reversed.) One-half nutation
period after the first pivoting begins, the wheel pivots an equal
angle in the opposite direction. Thus, at the end of the
nutation damping cycle, the wheel returns to its initial posi-
tion. Once the cycle completes, the PANDA logic resumes
monitoring the roll rate. For greatest effectiveness, the wheel
pivoting time should be short compared to the nutation
period. Simulations suggest that a good upper limit for the
wheel pivoting time (in one direction) is between 5 and 10%
of the nutation period.

Figure 2 illustrates the PANDA dynamics. This momentum
diagram shows the trajectory of the tip of the spacecraft’s
angular momentum vector projected on the body-fixed yaw-
roll (X-Y) plane. For simplicity, the figure assumes that the
spacecraft’s yaw and roll inertias are equal.

In Fig. 2, the momentum wheel is nominally aligned with
the positive pitch (Z) axis. If there is no nutation, the nominal
trajectory is simply equilibrium point a. When the spacecraft
nutates, however, the momentum vector follows a circular

YES

Fig. 1 Simplified pivot-actuated nutation damper logic.



